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Temperature Profile of Hotspots in Narrow
Current-Biased Superconducting Strips

J. P. Maneval, K. Harrabi, F. Chibane, M. Rosticher, F. R. Ladan, and P. Mathieu

Abstract—The one-dimensional heat flow equation controlling
the temperature of a current-driven hotspot (HS) in a long su-
perconducting microbridge is reexamined in all its components.
The resulting nonlinear differential system, which admits tem-
perature-dependent thermal conductivities, and a blackbody-like
phonon radiation into the substrate, is solved numerically. In this
work, the phonon escape rate is not the outcome of a best-fitting
procedure, but rather is derived from the dependence, in a pulse
experiment, of the HS nucleation time upon the current intensity.
As a result, the temperature profile of a self-heating HS in a
niobium strip can be computed without any adjustable parameter
for each choice of the bath temperature. One notes a severe
limitation of the HS temperature as compared to previous models.
The minimum current sustaining a stable HS thus determined is
in close agreement with direct measurements even far from the
critical temperature. The method is applied to a NbN filament
typical of the superconducting single photon detectors.

Index Terms—Nanowires, superconducting photodetectors, su-
perconducting thin films, thin film sensors.

I. INTRODUCTION

THE FORMATION of a hotspot (HS) and the dynam-
ics of its subsequent elimination form an essential part

of the detection process in many thin-film devices, such as
the Nanowire-Superconducting Single Photon Detectors (N-
SSPDs) [1]. However, the temperature reached locally as well
as the timing jitter can only be described qualitatively. In this
respect, the simpler problem of a hotspot initiated and sustained
by an electrical current may be a useful approach. Skocpol et al.
[2] calculated the temperature T(x) as a function of the position
x in the linear approximation of heat transfer to the external
heat bath. Several improvements [3], [4] in the heat transfer
coefficients allowed extending the validity of the treatment for
bath temperatures T0 far from Tc, the critical temperature. Since
T(x) cannot be probed directly (apart exceptions), a comparison
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between theory and experiment bears on Ih(T0), the minimum
HS current. That procedure usually leaves arbitrary the heat
transfer coefficient through the film-to-substrate interface.

In the present work, we take full account of the non-linear
heat flow relations, and treat the case of niobium strips sputtered
on sapphire [5], for which all the relevant parameters have
been determined independently. Then the comparison of the
computed Ih(T0) with experimental data can be performed in
absolute terms.

II. FROM LINEAR HEAT TRANSFER TO T-DEPENDENT

THERMAL COEFFICIENTS

A. Small Temperature Deviation (STD) Model [2]

A uniform strip of width w, engraved in a film of thickness
b, carries a fixed electrical current I (or equivalently a current
density per unit area J = I/wb). We also denote by C the
specific heat per unit volume of the film, by κ its volumic heat
conductivity coefficient, by ρ its electrical resistivity, and by α
the coefficient per unit area of linear heat transfer to the thermal
bath. The general energy rate equation in one dimension reads:

d

dx

[
κ
dT

dx

]
+ ρJ2 − α

b
(T − T0) = 0. (1)

The common way to deal with hotspots is the stepwise heat
generation model, in which the Joule power density switches
from the normal (N) state value ρJ2 where T > Tc, to zero
when passing to a (S) region (perfectly resistanceless ρ = 0).
The condition of HS stability implicit in (1) fixes J at a unique
value, that we call Jh.

B. A Solitary Solution

What we consider in this work are spatially-limited (solitary)
structures. The origin x = 0 is chosen on the left front of
the hotspot (Fig. 1), where T(x) passes through the transition
temperature Tc. A step-like solution joining the S and N zone
will be composed of TS(x < 0) and TN(x > 0) satisfying
respectively:

For x < 0 TS(x)− T0 = (Tc − T0) exp(x/ηS) (2a)

For x > 0 TM − TN(x) = (TM − Tc) exp(−x/ηN) (2b)

where ηS = (κSb/α)
1/2 and ηN = (κNβ/α)

1/2 are the thermal
healing lengths for the S and N zones respectively. The heat
generation term ρJ2 has been absorbed in the HS asymptotic
temperature TM, determined by the continuity of the heat flux
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Fig. 1. Schematic temperature profile of a steady solitary HS showing an
extendable central part bordered by healing lengths on each side. The Joule
heat generated in the N-zone above Tc is released (i) by diffusion along the
filament and (ii) by contact with the cryogenic bath at T0.

at x = 0. The unicity of TM, and of the corresponding J = Jh,
results from the condition of HS stability.

C. Blackbody-Type Phonon Radiation, Plus T-Dependent
Heat Conductivities

For limited temperature departures from Tc, typically 0.9
Tc < T0 < Tc, the STD model generally describes correctly
the experimental data on Jh(T0) defined by (1), provided that
the heat transfer coefficient is treated as an adjustable constant.
However, Yamasaki and Aomine [3] found it possible to encom-
pass a much wider temperature range by replacing the linear
form α(T − T0) by the quartic thermal transfer term:

A
(
T 4 − T 4

0

)
(3)

by similarity with the Kapitza heat transfer with the liquid
helium bath. They solved the heat flow (1) numerically to
provide a temperature profile T(x) of a self-heating HS in
granular-Al strips. By adjustment of the coefficient A (typ-
ically 25 W.K−4.m−2), they obtained a good fit of their Jh
vs T0 data down to about 0.7 Tc. Elaborating on that “mod-
ified SBT model”, Dharmadurai & Satya Murthy [4] intro-
duced T-dependent heat conductivities κS ∼ T 3 and κN ∼
T , each defined within an adjustable proportionality constant
(DSM model).

III. FULLY TEMPERATURE-DEPENDENT

(FTD) PARAMETERS

A. Differential Equations

Our approach embodies the above ingredients, with the im-
portant difference that the heat conductivities, as well as the
coefficient A, derive from independent measurements (see [8]).
If the electron heat conductivities are developed according to
κS = DeCeS and κN = DeCeN, where CeS and CeN are the
electronic specific heats in the S and N state respectively, and
De is the electron diffusion constant, assumed to be invariable
throughout, the derivative present in (1) splits into two terms:

d

dx

[
κ(T )

dT

dx

]
= DeCe(T )

d2T

dx2
+De

dCe

dT

[
dT

dx

]2
. (4)

(The second term, in (dT/dx)2, was omitted in [4] with no
justification, although it is of magnitude comparable to the first

one). From now on, the specific heats previously introduced
will be written under the forms: CeS = μT 3; CeN = γT , plus
Cϕ = βT 3 for the phonon specific heat in the Debye model.
Upon renaming of the surface transfer coefficient in the form
A = α/4T 3

c = bβ/4τ , which implies that τ is a characteristic
decay time, to be explicited soon, one preserves the consistency
with the linear case near Tc. The couple of differential equations
governing a steady-state HS then becomes:

x<0 T 3
S

d2Ts

dx2
+3T 2

S

(
dTS

dx

)2

=
(
1/4η2s

)[
T 4
S−T 4

0

]
(5a)

x>0 T 2
c TN

d2TN

dx2
+T 2

c

(
dTN

dx

)2

=
(
1/4η2N

)[
T 4
M−T 4

N

]
. (5b)

TM, that coincides with the HS temperature reached asymp-
totically at x = +∞, is given by:

ρJ2
h =

β

4τ

(
T 4
M − T 4

0

)
. (6)

In view of the exponential-like decrease (respectively in-
crease) of the temperature towards its saturation value in the
S-zone (resp. N-zone), generalized healing lengths zS and zN
can be defined in consistency with the former ηS and ηN of the
STD model.

B. Thermal and Electrical Parameters for a Nb Strip

We will choose the case of Nb sample FK-91 (b = 80 nm;
w = 10 μm; Tc = 8.6 K) studied in [5]. From its resistiv-
ity ρ(10 K) = 2.68 μΩ.cm, the electron diffusivity De =
30 cm2.s−1 follows. The phonon thermal conduction can be
omitted in the heat transport along the filament.

Little is known about the heat capacities in thin films. So it is
convenient to rely on data gathered on the bulk material. In the
superconducting and the normal states, one can introduce the
three components CeS, CeN, and Cφ according to:

CS(T ) =μT 3(electrons) + βT 3(phonons) (7a)

CN(T ) = γT (electrons) + βT 3(phonons). (7b)

In the useful temperature range, the choice γ =
705 J.m−3.K−2; β = 12.45 J.m−3.K−4; μ = 26.5 J.m−3.K−4,
provides a satisfactory representation with accuracy better
than 2%, apart for CeS in the range 0 to 3 K, of minor
importance [5].

C. Phonon Escape Time

Our choice (β/4τ)[T 4 − T 4
0 ] to express the power, per unit

volume of the filament, transferred to the substrate, seems
reasonable, insofar as the characteristic time τ or phonon
escape time can be reached. In fact, it has been discovered
by Pals and Wolter [6], and later developed by Tinkham [7],
that the nucleation time of phase-slip centers, the precursors
of the current-induced HSs, follows a law derived from a time-
dependent Ginzburg-Landau equation, with a relaxation time τd
(d for its relationship with delay time) as a scaling parameter.
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Fig. 2. Predictions of the three models STD, DSM, and the present one FTD
using the same mode of computation and the same set of parameters. T0 = 3 K.
TM are 17.90, 12.95, and 11.15 K, respectively. On the S side, the three traces
stand in the reverse order, compared to the N side.

At least in two cases, that of Nb strips (cf. Appendix in [5])
and of YBCO strips [8], this τd could be identified with the
film cooling time. Knowing the total and the phononic specific
heats, C(T) and Cph(T ), it is straightforward to deduce the
experimental value of the phonon escape time τ = (Cph/C) τd.
Over a large span of thicknesses and temperatures, the results
could be expressed as a time per unit thickness: τ/b = 25 ps/nm
for Nb on Al2O3 [5], and τ/b = 75 ps/nm for YBa2Cu3O7 on
MgO [8].

IV. COMPUTATIONAL METHODS AND DEPARTURES

FROM PREVIOUS TREATMENTS

We look for the T-profile of a permanent hot spot of length
Ln � (ηS, ηN), standing far from the extremities of a strip of
length L � LN, in thermal contact with a substrate cooled at
T0. The differential system (5a), (5b) was solved numerically
(Equation Solver, Mathematica). In practice, for a given T0,
a trial value is given to the derivative (dTS/dx)x=0, and a
temperature function T(x) develops in the S zone (x < 0). The
requirement of monotonicity is sufficient to define very accu-
rately a unique (dTS/dx)x=0, and eventually the full function
TS(x).

From that point and on, the N-zone function TN(x > 0)
is computed according to (5b) with the boundary condition
dT/dx = 0 at infinity on the N side. Such a solution is obtained
after giving several trial values to TM, again guided by the
monotonicity of TN(x), wherefrom a well-defined value of the
parameter TM emerges.

In order to enlighten the consequences of the present FTD
model, we plot in Fig. 2 the results corresponding to STD,
DSM, and FTD, using the same thermal parameters. One notes
(a) an obvious kink in the T-profile at the S/N junction; (b)

Fig. 3. HS minimum current in niobium FK-91 versus bath temperature T0,
according to the DSM model (upper trace) and to the present FTD model.
Full circles are data deduced from pulse experiments [5].

the deep penetration of the temperature wave into the S-region,
compared to the “linear” healing length ηS = 3.5 μm; and (c) a
shorter normal state healing length. The contrast between DSM
and FTD results mainly from the term in (dT/dx)2 in the heat
balance equations being of the same sign as d2T/dx2 (upward
curvature) in the S-region, but of the opposite sign in the N
region (downward curvature).

V. COMPARISON WITH EXPERIMENTAL

HS CURRENTS Ih(T0)

In most investigations about HS in thin strips, Ih is defined
as the so-called retrapping current measured in dc conditions. In
the case of Sample FK-91, it was obtained [5] as the current that
maintains a constant value of the voltage as the driving current
is reduced from an exciting pulse of large amplitude. These data
were taken in pulse conditions to avoid substrate heating. Thus
experimental determinations of Ih(T0), down to T0 ∼ 0.2Tc are
available for comparison with theory.

In Fig. 3, theoretical traces, DSM and FTD, computed with
the same set of parameters, are plotted together with the ex-
perimental Ih(Tc). (Let us note that the latter are affected by
an uncertainty typical of pulse determinations). Obviously, the
FTD model fits the experimental Ih, while the DSM model
leads to too large HS currents. That disagreement is aggravated
in the STD model, due to the absence of the blackbody coupling
term.

VI. APPLICATION TO A NANOMETER-THIN

NbN FILAMENT

Strips of nanometric thickness have become widespread
in the recently developed [1] Superconducting Single Photon
Detectors (SSPDs). Let us take the NbN filament described in
[9], and adapt the parameter values to the present terminology.
Those are: b = 6 nm; ρ = 268 μΩ.cm; De = 0.45 cm2.s−1;
Tc = 10 K; β = 9.8 J.m−3.K−4; γ = 240 J.m−3.K−2; τ/b =
13 ps/nm. The electronic specific heat CeS not being specified
in [9], we manage to choose it in the same ratio with γTc
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Fig. 4. Calculated temperature profile of a steady HS in a NbN strip,
6 nm thick. Parameters are specified in [9]. Bath temperature T0 = 3 K.
Top temperature TM = 12.9 K. The healing lengths ZS and ZN appear much
shorter than in the Nb case (cf Fig. 2).

as for Nb, which leads to μ = 6.25 J.m−3.K−4. The resulting
temperature profile is shown in Fig. 4, where the main features
are the much shorter healing lengths compared to Nb strips, due
to the poor electron diffusivity of ultrathin NbN strips, and the
top temperature TM = 12.9 K for T0 = 3 K.

The HS current density derived from this TM is 1.95
MA.cm−2. Unfortunately, that quantity does not appear in [9].
Work in progress in our laboratory tends to yield longer values
of τ/b than 13 ps/nm. A direct measurement of Ih would
discriminate between these different estimates.

Finally, as it has been pointed out by Marsali et al. [10],
the one temperature approximation is questionable in ultrathin
strips, as the escape time τ may become shorter than τp−e,
the equilibration time of the phonons with the electron gas.
That is unlikely to occur in NbN strips, due to the short value
of τp−e. For the Nb films considered in the present work, the
confinement of the phonons, or phonon bottleneck (τ > τp−e),
results from a larger thickness (80 nm) of our samples.

VII. CONCLUSION

By taking full account of the non-linear heat flux equations
through the interface, and of the blackbody phonon radiation,
we have computed the T-profile of a self-heating hotspot, and
deduced the corresponding stabilizing current. In a niobium
strip, the latter is in close agreement with the measurements
even far from the critical temperature. The temperature ele-
vation appears significantly lower than predicted by previous
models.

The method was applied to a fictitious steady hotspot in a
NbN filament a few nanometer thick.
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